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Abstract—Impulsive noise arises in many communication
systems—ranging from wireless to molecular—and is often mod-
eled via the α-stable distribution. In this paper, we investigate
properties of the capacity of complex isotropic α-stable noise
channels, which can arise in the context of wireless cellular
communications and are not well understood at present. In
particular, we derive a tractable lower bound, as well as prove
existence and uniqueness of the optimal input distribution. We
then apply our lower bound to study the case of parallel α-stable
noise channels and derive a bound that provides insight into the
effect of the tail index α on the achievable rate.

I. INTRODUCTION

Impulsive noise is an important feature of modern com-

munication systems, arising in wireless networks [1], as well

as a range of other applications such as molecular communi-

cation systems [2]. Unlike Gaussian noise, impulsive noise

is characterized by a higher probability of large amplitude

noise, corresponding to heavier tails in the probability density

function. As such, the capacity of impulsive noise channels

can differ significantly from the capacity of Gaussian noise

channels.

An important approach to modeling impulsive noise is

via the α-stable distribution. These distributions form an

approximation of Middleton’s noise models [3], which were

derived for interference in wireless networks from a statistical

physics perspective. In fact, α-stable noise has been directly

shown to arise under certain conditions in wireless cellular

networks modeled via the Poisson point process [4] and also

in molecular timing channels [2].

At present, the capacity of additive α-stable noise channels
is not well understood. Previous work has focused on the

channel

Y = X +N, (1)

where N is a real-valued symmetric α-stable random variable.

In this case, Fahs and Abou-Faycal have shown in [5] that

under the constraint E[|X |r] ≤ a, r > 1 with 1 < α ≤ 2 the

capacity-achieving input distribution is compactly supported

and discrete. More recently in [6], they also derived a con-

straint where a Cauchy distributed input is optimal for Cauchy

noise (α = 1), which leads to a closed-form expression for the

capacity. The capacity of (1) was also studied with a power

constraint on the source, albeit numerically via the Blahut

algorithm [7].

In this paper, we study the capacity of a generalization of

(1), where the noise is an isotropic complex α-stable random
variable. As we show in Section II, this additive isotropic α-
stable noise (AIαSN ) channel naturally arises in the context

of the baseband in wireless cellular communication networks

with base stations distributed according to a homogeneous

Poisson point process.

In order to study the AIαSN channel, we provide a real-

valued vector channel representation. Unlike the Gaussian case

(α = 2) , the real and imaginary parts of isotropic α-stable
random variables (α < 2) are not independent. As such, it

cannot be reduced to two parallel real-valued scalar channels

and must be treated instead as a real-valued vector channel.

For the AIαSN channel we prove two key results:

1) We show that the optimal input for the

AIαSN channel subject to a constraint

E[|X|r] = (E[|X1|r],E[|X2|r])T � c, r < α
exists and is unique.

2) We derive a lower bound on the capacity subject to

E[|X|r] � c, r < α, given by

C ≥ 1
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where σN is a parameter characterizing the noise (de-

fined in Section II).

It is clear that our lower bound bears strong similarities

with the capacity of Gaussian noise channels with a power

constraint. To study the consequences of this observation, we

apply our lower bound to compute the achievable rate of n
parallel AIαSN channels subject to the constraint

n
∑

i=1

E[|X|r] ◦ E[|X|r] � c ◦ c, r < α, (3)



where ◦ is the Hadamard product. We observe that in the case

that α = 2, the optimization problem reduces to the standard

waterfilling solution in the case of Gaussian channels with a

power constraint.

In order to assess the impact of α on the achievable rate

of the parallel AIαSN channel, we derive an upper bound

on |R∗(α) − R∗(2)|, where R∗(α) is the value function of

the parallel channel optimization problem. Our bound demon-

strates the effect of varying α away from the Gaussian case

(α = 2), as well as the effect of the number of channels on

|R∗(α)−R∗(2)|.
II. ADDITIVE ISOTROPIC α-STABLE NOISE CHANNELS

A. Preliminaries

Before considering the additive isotropic α-stable noise

channel, we first recall some basic results characterizing α-
stable random variables. The α-stable random variables are

characterized by four parameters: the exponent 0 < α ≤ 2;
the scale parameter γ ∈ R+; the skew parameter β ∈ [−1, 1];
and the shift parameter δ ∈ R. An α-stable random variable

X is then represented by X ∼ Sα(γ, β, δ).
In general, the distributions of α-stable random variables do

not have closed form probability density functions. Instead,

they are usually represented by their characteristic function,

given by

E[eiθX ]

=

{

exp
{

−γα|θ|α(1− iβ(signθ) tan πα
2 ) + iδθ

}

, α 6= 1
exp

{

−γ|θ|(1 + iβ 2
π (signθ) log |θ|) + iδθ

}

, α = 1
(4)

An α-stable random variable is symmetric if β = 0 and µ = 0.
Now, let N be a complex isotropic α-stable random vari-

able. This means that N can be written as N = N1 + iN2,

where N1 and N2 are real α-stable random variables satisfy-

ing:

C1 The random vector N = (N1, N2)
T is symmetric in R

2;

i.e., Pr(−N ∈ A) = Pr(N ∈ A) for all Borel sets A in

R
2.

C2 eiφN
d
= N for any φ ∈ [0, 2π).

Next, we will investigate a model where the AIαSN channel

naturally arises.

B. Motivation for AIαSN Channels

To motivate the study of AIαSN channels, we provide an

example where these channels arise in the context of wireless

cellular communications [8, 9]. Suppose that the base stations

in this network are located according to a homogeneous

Poisson point process with rate ν. Assume that the base band
emission xk of each interfering base station k is a circularly

symmetric complex Gaussian random variable CN (0, P ).
Consider a typical user in the network, which experiences

interference given by

I =
∞
∑

k=1

r
−η/2
k hkxk, (5)

where η > 2 is the path loss exponent and hk ∼ CN (0, 1) is
Rayleigh fading.

I is in fact an isotropic α-stable random variable. To see

this, let zk = hkxk and denote the real and imaginary parts

as zk,r and zk,i, respectively. The interference can then be

written as

I =
∞
∑

k=1

r
−η/2
k (zk,r + izk,i). (6)

By considering the real and imaginary parts of I and applying
the LePage representation [10, Theorem 1.4.2] for α-stable
random variables, it follows that I converges almost surely to

I = Zr + iZi, (7)

where Zr and Zi are symmetric α-stable random variables.

As such condition C1 holds.

To show that condition C2 holds, observe that since hk

and xk are circularly symmetric Gaussian random variables,

they are both isotropic. As such eiφhkxk
d
= hkxk for any

φ ∈ [0, 2π), which implies that I is also isotropic. Hence, C2

holds and I is an isotropic α-stable random variable.

C. Vector Channel Representation

Instead of working with the complex representation of the

AIαSN channel, we will instead reformulate the problem

in terms of a real valued vector representation. The key to

this reformulation is the following theorem for sub-Gaussian

random vectors given in [10, Corollary 2.6.4].

Theorem 1. Let α < 2. A complex random variable Z =
Z1+iZ2 is isotropic if and only if there are two i.i.d zero mean

Gaussian random variables G1, G2 with variance σ2 and a

random variable A ∼ Sα/2((cosπα/4)
2/α, 1, 0) independent

of (G1, G2)
T such that (Z1, Z2)

T = A
1
2 (G1, G2)

T ; i.e.,

(Z1, Z2)
T is a sub-Gaussian random vector.

Theorem 1 implies that we can write the AIαSN channel

as the vector channel in R
2

Y = X+N, (8)

where N = (N1, N2)
T is the sub-Gaussian random vector

induced by the isotropic α-stable noise N . The sub-Gaussian

random vector N has two important properties.

Property 1. The characteristic function of a random vector Z

induced by an isotropic α-stable random variable Z (α < 2)
is given by

φZ(θ) = E[ei(θ1Z1+θ2Z2)] = e−2−α/2σα|θ|α , (9)

where σ =
√
σ2 corresponds to square root of the variance

of the i.i.d Gaussian random variables in Theorem 1.

Property 2. Let Z be a random vector induced by the isotropic

α-stable random variable Z . Then, Z′ = VZ is another ran-

dom vector induced by an isotropic α-stable random variable

Z ′ if and only if V satisfies VVT = cI for some c ≥ 0.



Now that we have established the vector channel represen-

tation of the AIαSN channel, we now turn to studying the

capacity of this channel.

III. CAPACITY OF AIαSN CHANNELS

A. Capacity Optimization Problem

Let B(R2) be the Borel σ-algebra on R
2 and P denote

the collection of Borel probability measures on (R2,B(R2))
equipped with the topology of weak convergence. We define

the capacity of the AIαSN channel as the solution to the

following optimization problem,

maximize
µ∈P

I(X;Y)

subject to Eµ[|X|r] � c,
(10)

where E[|X|r ] = (E[|X1|r],E[|X2|r])T , I(X;Y) is the mu-

tual information of the channel (8), µ is the probability

measure of X , and we restrict r to satisfy r < α. Note that
E[|X|r ] � c = [c1, c2]

T if and only if E[|X1|r] ≤ c1 and

E[|X2|r] ≤ c2.

B. Existence and Uniqueness

Denote Λ(c) as the set of probability measures µ with

support R2, such that E[|X|r ] � c. We first prove that the

capacity achieving probability measure µ∗ exists. To do this,

we need to show that Λ(c) is compact in P . In turn, if I(X;Y)
is continuous on Λ(c), the extreme value theorem then implies

that the mutual information achieves its supremum on Λ(c).
The first step is then to show that I(X;Y) is continuous

on Λ(c).

Theorem 2. I(X;Y) is continuous on Λ(c).

Proof. Suppose that µk ⇒ µ, which means that the sequence

of random vectors {Xk} in R
2 converges weakly to a random

vector X with measure µ. The mutual information of Xk is

given by

I(Xk;Xk +N) = h(Xk +N)− h(N). (11)

Since h(N) = h(N1, N2) ≤ h(N1) + h(N2) and N1, N2 are

symmetric α-stable random variables, it follows that |h(N)| <
∞.

We now show that I(X;Y) < ∞. Define

q(x) =
1

4
∫

R
2
+

e−xr
1
−xr

2dx1dx2
e−|x1|

r−|x2|
r

. (12)

Next, we have

I(X;Y) = −
∫

R2

pX+N(x) log pX+N(x)dx − h(N)

= −D(pX+N||q) + E[log q(X+N)]− h(N)

≤ E[log q(X+N)]− h(N)

= E[|X1 +N1|r + |X2 +N2|r]

+

∫

R
2
+

4e−xr
1−xr

2dx1dx2 − h(N)

≤ 2r(E[|X1|r + |N1|r + |X2|r + |N2|r])

+

∫

R
2
+

4e−xr
1−xr

2dx1dx2 − h(N)

< ∞, (13)

where D(·||·) is the Kullback-Leibler divergence.
To conclude the proof, let Yk = Xk +N. Then,

pYk
(x) =

∫

pN(x− y)µk(dy). (14)

Now consider

lim
k→∞

h(Xk +N) = − lim
k→∞

∫

pYk
(x) log pYk

(x)dx. (15)

Since I(Xk;Y) < ∞ and |h(N)| < ∞, it follows that

|h(Xk+N)| < ∞. An argument based on splitting the integral

in (15) into positive and negative parts, justifies swapping the

limit and the integral. Using the fact that pN is bounded and

continuous and the application definition of weak convergence

in R
2 yields the desired result.

We now turn to showing that Λ(c) is compact in P .
Theorem 3. The set of probability measures Λ(c) is compact
in the topology of weak convergence. Moreover, the capacity

achieving probability measure µ∗ exists.

Proof. By Prokhorov’s theorem [11], Λ(c) is compact if it is
tight and closed. To see that Λ(c) is tight, observe that for any
ǫ > 0, there exists an aǫ = [a1,ǫ, a2,ǫ] ≻ 0 such that for all

µ ∈ Λ(c),

Pr(|X1|r > a1,ǫ, |X2|r > a2,ǫ) ≤ min
i=1,2

E[|Xi|r]
ai,ǫ

≤ min
i=1,2

ci
ai,ǫ

< ǫ, (16)

where the first inequality follows from the generalized Markov

inequality [12, Proposition 2.1]. Choose Kǫ = [−a1,ǫ, a1,ǫ]×
[−a2,ǫ, a2,ǫ], then Kǫ is compact and µ(Kǫ) ≥ 1 − ǫ for all
µ ∈ Λ(c). As such, Λ(c) is tight.
To show that Λ(c) is closed, let {µn}∞n=1 be a convergent

sequence in Λ(c) with limit µ0. Consider the vector valued

function f(x) = |x|r = [|x1|r, |x2|r]T , which is continuous

and bounded below. By the Portmanteau theorem for weak

convergence [11],

Eµ0
[|X|r] =

∫

f(x)µ0(dx)

� lim inf
n→∞

∫

f(x)µn(dx) � c. (17)



This means that µ0 ∈ Λ(c). As our choice of convergent

sequence was arbitrary, it follows that Λ(c) is closed. As such,
Λ(c) is compact.
To prove existence of µ∗, by Theorem 2 I(X;Y) is con-

tinuous on Λ(c). As such, by the extreme value theorem, the

capacity achieving probability measure µ∗ exists.

Next, we prove that the optimal input distribution is unique.

Theorem 4. The capacity achieving probability measure µ∗

on Λ(c) is unique.

Proof. By [13, Theorem 12], the mutual information is con-

cave. To prove strict concavity, we need to show that if µ0

and µ1 both achieve the maximum, then µ0, µ1 are identical.

By the Lévy continuity theorem, this holds if both probabil-

ity measures correspond to the same characteristic function.

As X and N are independent, we have φN(θ)φµ1
(θ) =

φN(θ)φµ2
(θ). Since φN(θ) is non-zero for all θ, the unique-

ness of µ∗ then follows from the strict concavity of the mutual

information and the fact that Λ(c) is convex.

C. Capacity Lower Bound

We now turn to deriving a lower bound on the capacity

defined by (10). Our result is given as follows.

Theorem 5. The capacity of the AIαSN channel defined

by (10) with noise parameter σN (see Property 1) is lower

bounded by

C ≥ 1

α
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and C(r, α) is given by (24).

Proof. Consider the random vectorN induced by the isotropic

α-stable noise N . Recall from Property 1 that N has charac-

teristic function φN(θ) = e−2−α/2σα
N
|θ|α .

To obtain a lower bound on the capacity, suppose that X is

also a random vector induced by an isotropic α-stable random
variable with σX. The characteristic function of X is then

given by φX(θ) = e−2−α/2σα
X
|θ|α .

By Property 2, the distributions of N and X can be written

in terms of another random vector U induced by a complex

isotropic α-stable random variable with σU. In particular, there

exist matrices VN,VX satisfying the condition in Property 2

such that

X
d
= σXVXU, N

d
= σNVNU. (19)

Since both X and N are α-stable random vectors, the

random vectorY = X+N is also, due to the stability property

[10, Theorem 1.2.1] and can be written in terms of U. In

particular, Y has characteristic function

φY(θ) = e−2−α/2(σα
X
+σα

N
)|θ|α . (20)

This implies that there exists a matrix VY satisfying

VYVT
Y

= cI for some c ≥ 0 such that

Y
d
= (σα

X
+ σα

N
)1/αVYU. (21)

Let σY = (σα
X
+ σα

N
)1/α. The mutual information is then

given by

I(X;Y) = h(Y)− h(Y|X)

= h(σYVYU)− h(σNVNU)

= log σY + h(U) − log σN − h(U)

=
1

α
log

(

1 +
σα
X

σα
N

)

. (22)

All that remains is to write σX in terms of E[|X1|r] =
E[|X2|r]. Using [14], we have

E[|X1|r] = C(r, α)

(

σX√
2

)r

, (23)

where

C(r, α) =
2r+1Γ

(

r+1
2

)

Γ(−r/α)

α
√
πΓ(−r/2)

. (24)

The result then follows by substituting (23) into (22)

IV. PARALLEL CHANNELS

A natural extension of the AIαSN channel is to the case

of parallel channels. In this section, we consider the scenario

where there are n parallel AIαSN channels subject to a sum

fractional moment constraint. In order to study this parallel

channel setting, we make use of our lower bound to compute

achievable rates (in nats). More precisely, we consider the

optimization problem

maximize
σX,k, k=1,2,...,n

n
∑

k=1

1

α
log

(

1 +
σα
X,k

σα
N,k

)

(25)

subject to

n
∑

k=1

σ2
X,k ≤ σ2

X,max

σX,k ≥ 0, k = 1, 2, . . . , n,

where σX can be mapped to E[|X|r] via (23).
The key results in this section are a study of the convexity

properties of this optimization problem and a comparison with

the Gaussian case (α = 2). In particular, we derive a bound

that allows for the analytical comparison of the achievable rate

for a given α < 2 and the Gaussian case (α = 2).

A. Convexity Properties

Observe that we can rewrite (25) as

maximize
ρ

n
∑

k=1

1

α
log

(

1 +
ρ
α/2
k

σα
N,k

)

(26)

subject to

n
∑

k=1

ρk ≤ σ2
X,max

ρk ≥ 0, k = 1, 2, . . . , n.



The optimization problem (26) is convex. To see this,

observe that g(ρi) = 1 +
ρ
α/2
i

σα
N,k

are concave since α ≤ 2.

Using the fact that log(·) is concave and non-decreasing, it

follows by [15, Eq. (3.10)] that

R =

n
∑

k=1

1

α
log

(

1 +
ρ
α/2
k

σα
N,k

)

(27)

is a sum of concave functions, which implies the problem in

(26) is convex.

The convexity of (25) implies that the problem can be

solved efficiently by standard solvers (e.g., CVX). Moreover,

for α = 2, the problem reduces to the standard waterfilling

problem that arises in the case of Gaussian noise with a power

constraint.

B. The Effect of α

Let R∗(α) denote the achievable rate arising from the

solution of (26) in the case the noise has parameter α. We

now turn to studying the effect of varying α as it is perturbed

away from the Gaussian case (α = 2) via the distance

|R∗(α)−R∗(2)|.
We begin by applying Taylor’s theorem to the value function

R∗(α), which yields the bound

|R∗(α) −R∗(2)| ≤ |(DαR
∗)(2)||2− α|+ |o(|2 − α|)|.

(28)

The challenge in evaluating (28) lies in evaluating the direc-

tional derivative. To proceed, we can adapt a lemma from

[16, pg. 23], which provides an expression for the directional

derivative.

We now evaluate (28). In particular, for the case σN,k =
1, k = 1, 2, . . . , n we have the approximate bound

|R∗(α)−R∗(2)| . |2− α|

×
∣

∣

∣

∣

∣

−1

4

n
∑

k=1

log (1 + ρ∗k) +
1

4

n
∑

k=1

ρ∗k log ρ
∗
k

1 + ρ∗k

∣

∣

∣

∣

∣

. (29)

Fig. 1 illustrates the effect of α as it is varied away from

the Gaussian case (α = 2), using our approximate bound

and numerical solution of (26). Observe that for values of

α near 2 our approximate bound is in good agreement with

the numerical result. Note that the difference for larger |2−α|
is in part due to the o(|2−α|) term in (28), which means that

the approximation is not a strict upper bound for large |2−α|.
V. CONCLUSION

We have studied the capacity of the AIαSN channel. In

particular, we derived a tractable lower bound on the capacity,

as well as existence and uniqueness of the optimal input

distribution. We then applied our lower bound to the case of

parallel AIαSN channels, and demonstrated the effect of α
on the achievable rate.

The tractability of our lower bound suggests that it may play

a useful role in the analysis and design of more complicated

systems with α-stable noise; e.g., MIMO. In the future, we

intend to investigate these extensions as well as the application

of our techniques to other non-Gaussian noise channels.
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